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Abstract—During plasma disruptions in tokamaks, electric
currents are excited in the three-dimensional vessel structures by
a plasma Wall Touching Kink Mode (WTKM). These modes are
frequently excited during a Vertical Displacement Event (VDE)
and cause big sideways forces on the vacuum vessel which are
difﬁcult to confront. To understand the plasma disruptions in
tokamaks and to predict their effects, realistic simulations of
these electric currents are required. In the present paper a
ﬂat triangle Finite Element (FE) representation of these surface
currents excited in a thin conducting wall of arbitrary threedimensional geometry is described. Our wall model covers both
eddy currents, excited inductively, and source/sink currents due
to current sharing between the plasma and the wall.
Index Terms—Fusion plasma, Tokamak, MHD instabilities,
Plasma disruptions

I. I NTRODUCTION

E

VEN if disruptions in tokamaks are known since 1963,
some aspects of them remain unknown. The Wall Touching Kink Modes (WTKM) were discovered at Joint European
Tokamak (JET) in 1996 [1]. Due to the presence of an electric
contact with the wall, the plasma is unstable. The surface
currents excited by the WTKM and shared with the wall are
called Hiro currents [2]. It has been found that free boundary
Magneto Hydro Dynamic (MHD) modes (an m/n = 1/1 kink
mode) are generating the currents shared by the plasma with
the wall during tokamak disruptions [3]. Vertical Displacement
Events (VDE) on JET and recent measurements of Hiro currents on Experimental Advanced Superconducting Tokamak
(EAST) in 2012 have proven this [3]. It has been found also
from both theory and JET, EAST experimental measurements
that the galvanic contact of the plasma with the wall is critical
in disruption [4], [5]. At the same time it has been proven that
the thin wall approximation is sufﬁcient (i.e., the real volume
current distribution in the wall can be replaced by a current
layer along the plasma-facing surface), but for simulating the
plasma-wall interaction during disruption, the reproduction of
3D structure of the wall is important.
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II. F ORMULATION OF THE PROBLEM
A. Surface current components in the thin wall
According to the Helmholtz decomposition theorem, for
the total surface current dj (d being the wall thickness) two
components can be deﬁned: (a) one is a divergence free surface
current i and (b) the second one is proportional with −∇ΦS ,
with ΦS the source/sink potential, a surface function. In order
to describe the current sharing between the plasma and the
wall, the second surface current component has a potentially
ﬁnite divergence. Thus,
dj = i − σd∇ΦS , i ≡ ∇I × n,

(1)

where, I is the stream function of the divergence free component i (∇ · i = 0) [7], [8], n is the external unit normal vector
to the wall, σd is the surface wall conductivity and −σd∇ΦS
is the source/sink current.
The source/sink surface current −σd∇ΦS is obtained from
the sharing of the electric current between the plasma and
the wall. Such current can be determined from the following
equation
∇ · (σd∇ΦS ) = −(j · n) = j⊥ ,

(2)

where j⊥ is the density of the current coming from/to the
plasma. It is a galvanic source for the surface currents on the
wall. We have considered j⊥ as positive for a current ﬂowing
from the plasma to the wall.
B. Energy principle applied to the surface currents in a thin
wall
ΦS can be obtained by minimizing the functional W S [5],
[6]


1 
WS =
σd(∇ΦS )2 − 2j⊥ ΦS dS
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(3)
2
while i = ∇I × n can be obtained from the following energy
functional W I [6], [7], [9], [10], [8], [12], [13]
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The ﬁrst integral, a surface integral, is taken along the wall
surface, while the second one, a contour integral, is taken
along the edges of the conducting surfaces. ΦE is some
electrical potential applied to the wall. In practical cases,

there is no source/sink of the current through the edges of
the wall surface and thus the contour integral vanishes. AI
is the vector potential of the current i, while Aext is the
vector potential generated by the plasma, external coils and
source/sink currents.
III. N UMERICAL RESULTS
In our FE approach, ΦS and I are assumed to be linear and
C 0 . So, both are linear within each triangle and neighboring
triangles share the values on the nodes. The minimization
of the quadratic forms Eqs. (3, 4) gives a linear system of
equations with symmetric positively deﬁned matrices which
has been solved using the Cholesky decomposition [6].
In our calculations we have solved Eq. (3) for W S with
given j⊥ as r.h.s. and Eq. (4) for W I with given Aext as r.h.s.
The following boundary conditions have been considered: for
ΦS Neumann boundary conditions on the wall and holes
boundaries
∂ΦS
= 0,
∂ns

(5)

and for I Dirichlet boundary conditions with different constant
values on the wall boundary and hole boundaries [10], [11]
∂I
= 0,
(6)
∂l
where ns (ns = n) is the normal to the contours in the plane
of the considered wall triangle, while l is the line coordinate
of the boundaries.
As an example of source/sink currents calculation a ITER
wall conﬁguration has been considered. For this ITER wall
conﬁguration, a FE discretization mesh with 11223 vertexes
and 21744 triangles has been considered. The generation of
the matrix and its Choleski decompositions take about 15s,
after this, the solution of the equation takes several seconds
for given j⊥ distributions. Two localized source (red) and sink
(blue) areas are considered in Fig. 1. For simplicity only,
we have considered σd=1, but variable wall thickness d and
conductivity σ can be taken also into account. The distribution
of source/sink potential ΦS and of the source/sink current
−σdΦS over the wall surface is given in Fig. 2.

Fig. 1. Distribution of j⊥ in the wetting zones of a ITER wall conﬁguration.

IV. V ERIFICATION AND VALIDATION OF NUMERICAL
SIMULATIONS WITH AN ANALYTICAL SOLUTION

To check the accuracy of our source/sink code, an analytical
example with pure homogeneous Neumann B.C. has been
developed. This example satisﬁes the existence condition:


∂ΦS
j⊥ dS = 0,
dl = −
∂Ω ∂n
Ω
(7)
Ω = Ωe \ Ωi , ∂Ω = Γe ∪ Γi ,
where Ωe is the domain of the wall, Ωi is the domain of the
hole, while Γe and Γi are the boundaries of the wall and hole
respectively.
As domain for the analytical test problem, a toroidal wall
with R its big radius, with elliptical cross-section a/b and a
central hole has been considered (Fig. 3).

Fig. 2. Distribution of the ΦS and −d∇ΦS solutions for a ITER wall
conﬁguration with the j⊥ distribution given in Fig. 1 .

Assuming for simplicity σd ≡ 1, and considering a curvilinear coordinate system u, v, (u ≡ φ, the toroidal coordinate,
and v ≡ θ, the poloidal coordinate) Eq. (2) can be written as
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with hu and hv the Lamé coefﬁcients. For ΦS , the following
dependence has been deduced
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where different u and v values are explained in Fig. 4. In the
same ﬁgure, the distribution of ΦS isolines in the multiply
connected domain Ω(u, v) is given.

(b)

Fig. 4. Constant ΦS (u, v) lines (given by Eq. (9) and satisfying pure
Neumann boundary conditions on wall and hole boundaries.

(c)
Fig. 3. Analytical model of a wall with high resolution (64x64x4 triangles)
(a = b, R/a = 3/1) with a poloidal and toroidal cuts and a hole in the
low ﬁeld side surface. (a) The input value j⊥ . (b) The analytical ΦS . (c) ΦS
based on numerical solution. The value of the relative inaccuracy is 0.001.

A comparison of the analytical and numerical solutions for
a high resolution mesh (64x64x4 triangles) on the wall surface
is given in Figs. 3b,3c.
In the next Table, different FE discretization levels of the
wall geometry (Fig. 3) have been considered.
No. of
64 x
32 x
16 x

triangles
64 x 4
32 x 4
15 x 4

Relative accuracy
0.001
0.003
0.015

V. C ONCLUSION
The two surface current components and the surface current
circuit equations in the thin wall approximation have been
mathematically rigorous formulated. The divergence-free eddy
and the source/sink currents are represented by the same model
of a uniform current density inside each triangle of our Finite
Element representation of the wall surface.
In order to allow self-consistent simulations of plasma
dynamics and plasma-wall interactions in tokamak disruptions,
we intend to develop, as a next step, a realistic representation
of the wetting zone and to interface the wall current codes
with plasma simulation codes, such as STARWALL [8], [12],
[13] and JOREK [14], [15], [16].
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